Abstract. In the present paper we study a bordism theory related to pairs (M, ξ), where M is a closed smooth oriented manifold with a stably trivial normal bundle and ξ is a virtual SU-bundle of virtual dimension 1 over M . The main result is the calculation of the corresponding ring modulo torsion and the explicit description of its generators.
Introduction
In the present paper we study the bordism theory related to pairs (M, ξ), where M is a closed smooth oriented manifold with a stably trivial normal bundle and ξ is a virtual SU-bundle of virtual dimension 1 over M. The bordism is defined with the help of analogous pairs (W, σ), where W is a compact smooth oriented manifold with boundary ∂W and with a stably trivial normal bundle and σ is a virtual SU-bundle of virtual dimension 1 over W , where the boundary operator ∂ is defined as ∂(W, σ) = (∂W, σ| ∂W ). A ring structure is induced by the product (M, ξ) × (M ′ , ξ ′ ) := (M × M ′ , ξ ⊠ ξ ′ ). Our main result is the calculation of the corresponding graded ring up to torsion elements, which turns out to be the polynomial ring Q[t 2 , t 3 , . . .], deg t n = 2n, and the explicit description of the ring generators which have the form t n = [S 2n , ξ (n) ], where ξ (n) is the virtual SU-bundle of virtual dimension 1 that is the generator in the multiplicative group of such bundles over S 2n , and the brackets [ , ] denote the corresponding bordism class. Of course, S 2n = ∂D 2n+1 but it is clear that the bundle ξ (n) can not be extended to the whole ball.
Note that in contrast to "usual" bordisms, the stabilisation in our case does not correspond to the taking of Whitney sum with trivial bundles but with the tensor product by trivial bundles. Therefore in our case the Thom spaces are not stabilized by usual suspension (see Section 5) and the corresponding limit object is not a suspension spectrum.
It seems that the obtained results are closely related to [1] .
Main definitions
Consider a pair (M, ξ), where M is a closed smooth oriented manifold of dimension d with a stably trivial normal bundle and ξ ∈ KSU(M) is a virtual SU-bundle of virtual dimension 1 (here KSU denotes the K-functor related to SU-bundles).
Pairs (M, ξ) and (M ′ , ξ ′ ), dim M ′ = dim M = d are called bordant if there exists a pair (W, σ), where W is a compact d + 1-dimensional oriented manifold with boundary ∂W and with a stably trivial normal bundle and σ ∈ KSU(W ), dim σ = 1 such that ∂W = M (−M ′ ) and
Clearly that to be bordant is an equivalence relation 1 and the corresponding equivalence classes
form an abelian group with respect to the disjoint union which we denote by
with the structure of the graded ring Ω * , (here ⊠ denotes the "exterior" tensor product of virtual bundles).
We want to reduce the classification problem of pairs (M, ξ) modulo bordism to the problem of the calculation of the homotopy groups of some Thom space. Let us briefly describe the corresponding argument.
Consider a pair (M, ξ) as above. Let η ∈ KSU(M) be the inverse element for ξ with respect to the tensor product, i.e. ξ ⊗ η = [1] , 2 where [n] denotes a trivial C n -bundle over M. Let k, l be a pair of relatively prime positive integers, i.e. their greatest common divisor (k, l) = 1. Assume that d = dim M < 2 min{k, l}. Then for virtual bundles kξ, lη of dimensions k and l respectively there are geometric representatives ξ k → M η l → M, i.e. "genuine" vector bundles, which are unique up to isomorphism. Moreover, ξ k ⊗ η l ∼ = [kl] is a trivial bundle of dimension kl. We will show that there is a natural bijection between virtual bundles ξ ∈ KSU(M), dim ξ = 1 and isomorphism classes of pairs (ξ k , η l ). Furthermore, such pairs are classified by so-called matrix Grassmannian Gr k, l (defined below), i.e. there is a natural one-to-one correspondence between isomorphism classes of pairs (ξ k , η l ) over M, dim M < 2 min{k, l} and the set of homotopy classes [M, Gr k, l ] of maps M → Gr k, l . Using this result we will show that there is a natural one-to-one correspondence between bordism classes of pairs (M, ξ), dim M = d and homotopy groups π d+2kl (T(ϑ k, l )) of the Thom space of the trivial C kl -bundle ϑ k, l → Gr k, l .
SU-bundles and matrix Grassmannians
In this section we recall in a suitable form some results from [3] . Recall that the matrix Grassmannian Gr k, l is a space which parametrizes unital * -subalgebras isomorphic to M k (C) ("k-subalgebras") in a fixed algebra M kl (C). As a homogeneous space it can be represented in the form PU(kl)/(PU(k) ⊗ PU(l)) (here the symbol "⊗" denotes the Kronecker product of matrices). In case (k, l) = 1 it can also be represented as
where M k, x denotes the k-subalgebra corresponding to a point x ∈ Gr k, l . Let B k, l → Gr k, l be the M l (C)-bundle formed by fiberwise centralizers to the subbundle A k, l ⊂ Gr k, l × M kl (C). Clearly, there is the canonical trivialization
1 the transitivity follows from the exactness of KSU(
It is easy to see that A k, l is associated (by means of the representation SU(k) → PU(k) ∼ = Aut(M k (C))) with the principal SU(k)-bundle
(cf. (1)), while B k, l with the principal SU(l)-bundle
Let ξ k, l → Gr k, l , η k, l → Gr k, l be vector C k and C l -bundles associated with principal bundles (3) and (4). There are isomorphisms A k, l ∼ = End(ξ k, l ), B k, l ∼ = End(η k, l ) and the canonical trivialization
which gives (2) after the application of End .
Proof. For a given map f : M → Gr k, l the triple (ξ k , η l , ϕ) is defined as follows:
) and the trivialization ϕ is induced by (5). Conversely, for a given triple (ξ k , η l , ϕ) over M as in the statement of the proposition the trivialization ϕ determines the trivialization End(ϕ) :
. Thereby End(ξ k ) can be considered as a family of unital k-subalgebras in a fixed algebra M kl (C), hence we obtain the required map f : M → Gr k, l .
Two triples (ξ
and ϕ is homotopic to ϕ ′ in the class of trivializations.
Corollary 2.
There is a natural one-to-one correspondence between equivalence classes of triples
Proof easily follows from the previous proposition.
Let λ k, l : Gr k, l → BSU(k) be a classifying map for the principal SU(k)-bundle (3) (i.e. for the vector bundle ξ k, l ), µ k, l : Gr k, l → BSU(l) a classifying map for the principal SU(l)-bundle (4) (i.e. for the vector bundle η k, l ).
Consider the fibration (cf. (1))
The map λ k, l × µ k, l corresponds to the functor (ξ k , η l , ϕ) → (ξ k , η l ) which forgets trivialization ϕ.
We are going to prove that for manifolds M of dimension dim M < 2 min{k, l} such a trivialization ϕ is unique up to homotopy (see Proposition 4). It requires some preparation.
Proposition 3. If (km, ln) = 1 then the embedding Gr k, l → Gr km, ln induced by a unital * -homomorphism M kl (C) → M klmn (C) induces an isomorphism of homotopy groups up to dimension ∼ 2 min{k, l}.
Proof follows from the representation (1) and the sequence of homotopy groups of the corresponding fibration, see [3] .
The proven proposition implies that the homotopy type of the direct limit lim −→ {k i , l i } Gr k i , l i does not depend on the choice of a sequence of pairs {k i , l i } of positive integers provided (k i , l i ) = 1, k i |k i+1 , l i |l i+1 ∀i and k i , l i → ∞ when i → ∞. This homotopy type we will denote by Gr .
The space Gr has the natural H-space structure induced by maps Gr k, l × Gr m, n → Gr km, ln , (km, ln) = 1 defined by the tensor product of matrix algebras
. By Gr we will also denote this H-space.
Put BSU(k
, where direct limits are taken over maps induced by tensor products. We consider these spaces as H-spaces with the multiplication induced by the tensor product of the corresponding bundles. A simple calculation with homotopy groups shows that Gr has the same homotopy groups as BSU and the maps
are the localizations over k and l respectively (in the sense that k and l become invertible). Moreover, these localizations are H-spaces homomorphisms. This implies that Gr is isomorphic to BSU ⊗ as an H-space (recall that the product in BSU ⊗ is induced by the tensor product of virtual bundles of virtual dimension 1).
exists and is unique up to homotopy.
Proof. Assume that a mapf =f 1 ×f 2 : M → BSU(k)×BSU(l) classifies the pair of bundles (ξ k , η l ) as in the proposition statement, i.e. ξ k =f * 1 (ξ k, l ), η l =f * 2 (η k, l ), and moreover ξ k ⊗ η l ∼ = [kl]. Then ⊗ •f ≃ * (see (6)) and it follows from the exactness of (6) that there exists some lift
In order to prove the uniqueness up to homotopy of the lift provided dim M < 2 min{k, l} let us use the above introduced direct limits. Recall that
are the localizations over k and l respectively. Together with the condition (k, l) = 1 this implies that the map
(see (6)) induces an injective homomorphism of groups
of homotopy classes of maps. Now using Proposition 3 we obtain the required assertion.
Recall (see the end of the previous section) that given a virtual bundle ξ ∈ KSU(M), dim ξ = 1 and a pair k, l, (k, l) = 1, dim M < 2 min{k, l} we can find a unique up to isomorphism pair of geometric bundles ξ k , η l such that ξ k ⊗ η l ∼ = [kl] which (according to the proven proposition) defines a classifying map f : M → Gr k, l unique up to homotopy.
Conversely, for a given map f : M → Gr k, l we want to define a virtual bundle ξ ∈ KSU(M), dim ξ = 1.
Let m, n be another pair of positive integers such that (km, ln) = 1 = (k, m), dim M < 2 min{m, n}. Consider the diagram
where maps i and j are induced by matrix algebra homomorphisms. It follows from Proposition (3) that for f := f k, l there exists a unique up to homotopy map f m, n : M → Gr m, n such that
Suppose u, v be a pair of integers such that uk + vm = 1 (recall that we have chosen m such that (k, m) = 1). Then
Thereby to a map f : M → Gr k, l we assign a virtual bundle ξ ∈ KSU(M) of virtual dimension 1, and hence we have a bijection [M, Gr k, l ] ∼ =
→ 1 + KSU(M). It is easy to see that this bijection can be extended to the group isomorphism [M, Gr]
∼ = → (1+ KSU(M)) × = [M, BSU ⊗ ]
(this time without any condition on dim M). In particular, we again have established the H-space isomorphism Gr
In particular, we have proven the following theorem.
Theorem 5. For any pair (M, ξ) such that dim M < 2 min{k, l} there exists a unique up to homotopy map f ξ : M → Gr k, l representing ξ (in the sense that ξ can be uniquely restored by the pair f *
Note that two pairs (ξ k , η l ) and (ξ m , η n ) provided (km, ln) = 1 correspond to the same bundle (7)). In general (without assumption (km, ln) = 1) we have to take the transitive closure of this relation.
Bordism of triples
In this section using the obtained results we replace pairs (M, ξ) by some triples (M, ξ k , η l ) of more geometric nature.
Let M, dim M = d be a smooth oriented manifold with a stably trivial normal bundle, f : M → R d+N a smooth embedding, in addition we assume that the trivial normal bundle ν ∼ = M × R N is equipped with an almost complex structure (⇒ 2 | N) and moreover there is a representation ν ∼ = ξ k ⊗η l (⇒ N = 2kl) as the tensor product of (complex) vector bundles ξ k , η l over M of dimensions k, l, (k, l) = 1 and with structural groups SU(k) and SU(l) respectively. If d < 2 min{k, l}, then, according to the previous section, the pair (ξ k , η l ) determines a classifying map M → Gr k, l which is unique up to homotopy. Therefore we can replace pairs (M, ξ) by equivalent triples (M, ξ k , η l ).
Let W, dim W = d + 1 be a compact oriented manifold with boundary ∂W and with trivial normal bundle ν W for an embedding F : W → R d+1+N + , F (∂W ) ⊂ R d+N , moreover, ν W = σ k ⊗ρ l for some vector bundles σ k , ρ l with structural groups SU(k), SU(l) respectively. Then we can define a boundary operator as follows:
, where π is the projection onto the first factor M × I → M we have:
Furthermore, we can define an equivalence relation: two triples are bordant if they become isomorphic (in the natural sense) after taking the disjoint union with boundaries. It follows from the previous section that there is a natural one-to-one correspondence between bordism classes of triples (M, ξ k , η l ) and bordism classes of pairs (M, ξ) as we have defined in Section 1.
In order to take into account the possibility of choices of pairs of bundles (ξ k , η l ) of different dimensions k, l, related to a virtual bundle ξ, we have to extend the equivalence relation. It is generated by the equivalence between (M, ξ k , η l ) and (M,
Thom spaces
Suppose we are given a triple (M, ξ k , η l ) and a bundle ν ∼ = ξ k ⊗ η l ∼ = M × R N as in the previous section. Then, according to Proposition 4, we have a unique up to homotopy map f : M → Gr k, l which classifies the pair (ξ k , η l ). That is we have the map of trivial bundles
which is compatible with the representations ν = ξ k ⊗ η l , ϑ k, l = ξ k, l ⊗ η k, l in the form of tensor products (see (5)
and it can be extended to the map ϕ of their one-point compactifications, i.e. the Thom spaces ϕ : T(ν) → T(ϑ k, l ). Then the composition of the map S d+N → T(ν) (N = 2kl) contracting the complement to a tubular neighborhood for the embedded manifold M ⊂ S d+N to the base point with the map ϕ defines some map S d+N → T(ϑ k, l ). It is easy to see that a bordism between (M, ξ k , η l ) and some other triple determines a homotopy S d+N ×I → T(ϑ k, l ). So we can assign some element of π d+N (T(ϑ k, l )) to the bordism class of a triple (M, ξ k , η l ).
The standard argument using t-regularity to the smooth submanifold Gr k, l ⊂ T(ϑ k, l ) − { * } (where { * } is the base point of the Thom space) shows that, conversely, we can assign the bordism class of some triple (M, ξ k , η l ) to an element of the group π d+N (T(ϑ k, l ) ).
Thus we have proven the following theorem.
Theorem 6. The above described correspondence defines an isomorphism between the group of bordism classes of triples (M, ξ k , η l ), dim M = d and the homotopy group π d+N (T(ϑ k, l )).
According to the previous results (concerning the relation between virtual bundles ξ of virtual dimension 1 with pairs (ξ k , η l )) we also have an isomorphism between the group of bordisms of pairs (M, ξ) as in Section 1 and the homotopy group π d+N (T(ϑ k, l ) ).
Stabilization
In contrast with "usual" bordism theories, in our case the stabilization is related to the tensor product of bundles, therefore we have to use another functor instead of the suspension.
According to the above theorem, for any element of
, (km, ln) = 1 and the corresponding map S d+2klmn → T(ϑ km, ln ). It is easy to see that the corresponding element π d+2klmn (T(ϑ km, ln )) is well defined by the bordism class of the triple (M, ξ k , η l ), and therefore we obtain a homomorphism π d+N (T(ϑ k, l )) → π d+2klmn (T(ϑ km, ln )).
Proof.
1) Surjectivity. Using the t-regularity argument, we see that every element of π d+2klmn (T(ϑ km, ln )) comes from some triple (M, ξ km , η ln ), dim M = d. Since, according to Proposition 3 the inclusion Gr k, l → Gr km, ln for (km, ln) = 1 is a homotopy equivalence up to dimension 2 min{k, l}, we see that for d < 2 min{k, l} a classifying map M → Gr km, ln for the pair (ξ km , η ln ) comes from some map M → Gr k, l , i.e. the triple (M, ξ km , η ln ) comes from some triple (M, ξ k , η l ) as described above.
2) Injectivity. Given a homotopy between two maps S d+2klmn → T(ϑ km, ln ) we have the corresponding bordism given by a d+1-dimensional manifold with boundary. Using the same argument as in item 1), we see that already the corresponding maps S d+N → T(ϑ k, l ) are homotopic.
Remark 8. Note that for d < 2 min{m, n} we also have an isomorphism π d+2mn (T(ϑ m, n )) → π d+2klmn (T(ϑ km, ln )). Hence the group π d+2mn (T(ϑ m, n )) does not depend on the choice of m, n, (m, n) = 1.
So, the bordism group Ω d can be defined as the direct limit lim −→
stabilized from some dimension.
6. The ring structure
is a new triple of the same kind (here "⊠" denotes the "exterior" tensor product of bundles).
If f :
is classified by some map S d+d ′ +2klmn → T(ϑ km, ln ). Note that the stabilization introduced in the previous section corresponds to the product by
It is easy to see that the introduced product of triples defines the structure of a graded ring on their bordism classes, moreover (because of the H-space isomorphism Gr ∼ = BSU ⊗ ) it coincides with the one introduced in Section 1 on the bordism group of pairs (M, ξ), ξ ∈ KSU(M), dim ξ = 1.
7. The calculation of the ring Ω * ⊗ Q
In this section we compute the ring Ω * ⊗ Q. First let us formulate two obvious corollaries from the classical Theorems [2] .
Theorem 9. Since the trivial bundle ϑ k, l → Gr k, l , clearly, is orientable, we have the Thom isomorphism
Theorem 10. Since the Thom space T(ϑ k, l ) is (2kl − 1)-connected, we see that the Hurewicz homomorphism
Here C is the Serre class of finite abelian groups.
Since the space Gr k, l is homotopy equivalent to BSU up to dimension ∼ 2 min{k, l}, we see that in this dimensions rkH d (Gr k, l , Z) is equal to 0 for d odd and the number of partitions 
, where deg t n = 2n. Moreover, one can take the bordism class of the triple (S 2n , ξ k , η l ), n < min{k, l} as t n , where (ξ k , η l ) is the generator (i.e. its classifying map S 2n → Gr k, l represents the generator in π 2n (Gr k, l ) ∼ = Z). In other words, the pair (ξ k , η l ) corresponds to the generator ξ ∈ KSU(S 2n ), dim ξ = 1 according to the correspondence described in Section 2.
In order to calculate Ω * ⊗ Q it is sufficient to consider only rational characteristic classes. By analogy with Pontryagin's theorem, we can prove the following result: Consider a pair (M, ξ) as above and the Chern character ch(ξ) = 1 + ch 2 (ξ) + ch 3 (ξ) + . . . , ch n (ξ) ∈ H 2n (M, Q) (ch 1 (ξ) = 0 because ξ is a virtual SU-bundle).
Remark 12. If a pair (M, ξ) corresponds to a triple (M, ξ k , η l ), then ch(ξ) = ch(ξ k ) k
. Note that
if pairs (ξ k , η l ), (ξ m , η n ) are equivalent in the sense that their classifying maps M → Gr k, l , M → Gr m, n are homotopic as maps to Gr km, ln , see (7).
Let {(S 2n , ξ (n) ) | n ≥ 2} be the collection of pairs such that ch n (ξ (n) ) = ι n , where ι n ∈ H 2n (S 2n , Z) ⊂ H 2n (S 2n , Q) is the generator (recall that the Chern character takes integer values on spheres). Then elements ξ (n) ∈ (1 + KSU(S 2n )) × themselves are generators (note that (1 + KSU(S 2n )) × ∼ = Z). Let ξ (n)k be the k'th power of the bundle ξ (n) , then ch n (ξ (n)k ) = kι n . (Indeed,
, because ξ (n)2 = 0 in the ring KSU(S 2n )).
Proposition 13. [S 2n , ξ (n)k ] = k[S 2n , ξ (n) ] in the group Ω 2n ⊗ Q.
Proof.
We have: ch n (ξ (n)k ), [S 2n ] = k = k ch n (ξ (n) ), [S 2n ] . From the other hand, H * (BSU, Q) = Q[ch 2 , ch 3 , . . .], hence the products of the form ch n 1 . . . ch nr , 2 ≤ n 1 ≤ . . . ≤ n r , n 1 + . . . + n r = n, r ≥ 1 form an additive basis of H 2n (BSU, Q). The required assertion now
